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Internal ﬂow between two plates is one of the most applicable
cases in mechanics, civil and environmental engineering. In
simple cases, the one-dimensional ﬂow through tube and par-
allel plates, this is known as Couette–Poisseuille ﬂow, has an
exact solution, but in general, like most of ﬂuid mechanic
equations, a set of nonlinear equations must be solved which
make some problems for analytical solution.
The ﬂow between two planes that meet at an angle was ﬁrst
analyzed by Jeffery (1915) and Hamel et al. (1916) and so,
it is known as Jeffery–Hamel ﬂow, too. They worked
mathematically on incompressible viscous ﬂuid ﬂow throughconvergent-divergent channels. They presented an exact similar-
ity solution of the Navier–Stokes equations. In the special case
of two-dimensional ﬂow through a channel with inclined plane
walls meeting at a vertex and with a source or sink at the vertex
and have been studied extensively by several authors and dis-
cussed in many textbooks e.g. (Rosenhead, 1940; White, 1991;
Esmali et al., 2008; Joneidi et al., 2010; Ganji et al., 2009; Inc
et al., 2013). Sadri (1997) has denoted that Jeffery–Hamel is used
as a asymptotic boundary condition to examine a steady two-
dimensional ﬂow of a viscous ﬂuid in a channel. But, here some
symmetric solutions of the ﬂow have been considered, although
asymmetric solutions are both possible and of physical interest
(Sobey and Drazin, 1986).
Most of the scientiﬁc problems such as Jeffery–Hamel ﬂow
and other ﬂuid mechanic problems are inherently nonlinear.
Except a limited number of these problems, most of them do
not have an exact solution. There exists a wide class of litera-
ture dealing with the problems of approximate solutions to
nonlinear equations with various different methodologies,
Figure 1 Schematic ﬁgure of the problem.
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have some limitations e.g., the approximate solution involves
a series of small parameters which poses difﬁculty since major-
ity of nonlinear problems have no small parameters at all.
Although appropriate choices of small parameters some times
lead to an ideal solution, in most of the cases unsuitable
choices lead to serious effects in the solutions. Therefore, an
analytical method is welcome which does not require a small
parameter in the equation modeling the phenomenon. The
homotopy perturbation method (HPM) was ﬁrst introduced
and developed by He (1999, 2005, 2006a, 2006b, 2012). It
was shown by many authors that this method provides
improvements over existing numerical techniques (Ganji and
Ganji, 2008; Ganji et al., 2008, 2009; Rashidi et al., 2009;
Yildirim and Sezer, 2010; Noor et al., 2013; Mirzabeigy
et al., 2013). In recent years, many authors have paid attention
to study the solutions of linear and nonlinear partial differen-
tial equations by using various methods combined with the La-
place transform (Khuri, 2001; Khan et al., 2012; Gondal and
Khan, 2010; Singh et al., 2013a) and sumudu transform (Singh
et al., 2011, 2013b).
In this paper, we present a modiﬁed analytical technique
namely the modiﬁed homotopy perturbation method
(MHPM) coupled with sumudu transform to obtain the
approximate solution of nonlinear equation governing
Jeffery–Hamel ﬂow. The MHPM coupled with sumudu trans-
form provides the solution in a rapid convergent series which
may lead to the solution in a closed form. The advantage of
this method is its capability of combining two powerful
methods for obtaining exact and approximate solutions for
nonlinear equations.
2. Sumudu transform
In early 90’s, Watugala (1993) introduced a new integral trans-
form, named the sumudu transform and applied it to the solu-
tion of ordinary differential equation in control engineering
problems. The sumudu transform is deﬁned over the set of
functions
A ¼ ffðtÞj9M;s1; s2 > 0; jfðtÞj < M ejtj=sj ; if t 2 1ð Þj  ½0;1Þg
by the following formula
fðuÞ ¼ S½fðtÞ ¼
Z 1
0
fðutÞetdt; u 2 ðs1; s2Þ: ð1Þ
Some of the properties of the sumudu transform were estab-
lished by Asiru (2001). Further, fundamental properties of this
transform were established by Belgacem et al. (2003), Belgacem
andKaraballi (2006), Belgacem (2006). In fact it was shown that
there is a strong relationship between sumudu and other integral
transform, see Kilicman et al. (2011). In particular the relation
between sumudu transform and Laplace transforms was proved
in Kilicman and Eltayeb (2010). The sumudu transform has
scale and unit preserving properties, so it can be used to solve
problems without resorting to a new frequency domain.
3. Mathematical model
Consider the steady unidirectional ﬂow of an incompressible
viscous ﬂuid ﬂow from a source or sink at the intersectionbetween two rigid plane walls that the angle between them is
2a as it is shown in Fig. 1.
The velocity is assumed only along radial direction and de-
pends on r and h. Conservation of mass and momentum for
two-dimensional ﬂow in the cylindrical coordinate can be ex-
pressed as the following (Schlichting, 2000)
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where P is the pressure term,Ur andUh are the velocities in r and h
directions, respectively. Stress components are deﬁned as follows:
srr ¼ l 2 @Ur
@r
 2
3
divð~UÞ
 
; ð3aÞ
shh ¼ l 2 1
r
@Uh
@h
þUr
r
 
 2
3
divð~UÞ
 
; ð3bÞ
srh ¼ l 2 @
@r
Uh
r
 
þ 1
r
@Ur
@h
  
: ð3cÞ
Considering Uh = 0 for purely radial ﬂow leads to continuity
and Navier–Stokes equations in polar coordinates become
q
r
@
@r
ðrUrÞ ¼ 0; ð4aÞ
Ur
@Ur
@r
¼  1
q
@P
@r
þ t @
2Ur
@r2
þ 1
r
@Ur
@r
þ 1
r2
@2Ur
@h2
Ur
r2
 
; ð4bÞ
 1
qr
@P
@h
þ 2t
r2
@Ur
@h
¼ 0: ð4cÞ
A modiﬁed analytical technique for Jeffery–Hamel ﬂow using sumudu transform 13The boundary conditions are
At centerline of the channel: @Ur
@h ¼ 0;
On the wall of the channel : Ur ¼ 0: ð5Þ
From Eq. (4a)
gðhÞ  rUr; ð6Þ
using dimensionless parameter
fðxÞ  gðhÞ
gmax
; x  h
a
; ð7Þ
and with eliminating P from Eqs. 4b and 4c, an ordinary dif-
ferential equation is obtained for the normalized function pro-
ﬁle f(x):
f 000 þ 2aRefðxÞf 0ðxÞ þ 4a2f 0ðxÞ ¼ 0: ð8Þ
According to the relation Eqs. (5)–(7), the boundary condi-
tions will be
fð0Þ ¼ 1; f 0ð0Þ ¼ 0; fð1Þ ¼ 0: ð9Þ
The Reynolds number is
Re ¼ gmaxa
t
¼ Umaxra
t
DivergentChannel : a > 0
ConvergentChannel : a < 0
 
: ð10Þ
where Umax is the velocity at the center of the channel (r= 0).
4. Basic idea of MHPM coupled with sumudu transform
To illustrate the basic idea of this method, we consider a gen-
eral nonlinear non-homogenous partial differential equation of
the form:
LUþ RUþNU ¼ gðxÞ; ð11Þ
where L is the highest order linear differential operator, R is
the linear differential operator of less order than L, N repre-
sents the general nonlinear differential operator and g(x) is
the source term. By applying the sumudu transform on both
sides of Eq. (11), we get
S½U ¼ un
Xn1
k¼0
UðkÞð0Þ
uðnkÞ
þ unS½gðxÞ  unS½RUþNU ¼ 0: ð12Þ
Now applying the inverse sumudu transform on both sides of
Eq. (12), we get
U ¼ GðxÞ  S1½unS½RUþNU; ð13Þ
where G(x) represents the term arising from the source term
and the prescribed initial conditions. Now we construct the fol-
lowing homotopy
U ¼ GðxÞ  pðS1½unS½RUþNUÞ; ð14Þ
In view of the HPM, we use the homotopy parameter p to
expand solution
U ¼
X1
m¼0
pmUm ð15Þ
and the nonlinear term can be decomposed as
NU ¼
X1
m¼0
pmHm; ð16Þ
for some He’s polynomials (Ghorbani, 2009; Mohyud-Din et
al., 2009) that are given byHmðU0;U1; :::;UmÞ ¼ 1
m!
@m
@pm
N
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i¼0
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 !" #
p¼0
;
m ¼ 0; 1; 2; 3; . . . ð17Þ
Substituting Eqs. 15 and 16 in Eq. (14), we getX1
m¼0
pm Um ¼ GðxÞ
 p S1 unS R
X1
m¼0
pm Um þ
X1
m¼0
pmHm
" #" # !
;
ð18Þ
Comparing the coefﬁcient of like powers of p, the following
approximations are obtained
p0 : U0ðxÞ ¼ GðxÞ;
p1 : U1ðxÞ ¼ S1 unS½RU0ðxÞ þH0ðUÞ½ ;
p2 : U2ðxÞ ¼ S1 unS½RU1ðxÞ þH1ðUÞ½ ; ð19Þ
p3 : U3ðxÞ ¼ S1 unS½RU2ðxÞ þH2ðUÞ½ :
Proceeding in this same manner, the rest of the components
Um can be completely obtained and the series solution is thus
entirely determined. Finally, we approximate the analytical
solution U by truncated series
U ¼ Lim
N!1
XN
m¼0
Um: ð20Þ
The above series solutions generally converge very rapidly.
5. Solution of the problem
In this section, we apply the MHPM coupled with sumudu
transform to obtain an approximate analytical solution of
Eq. (8). By applying the sumudu transform on the both sides
of Eq. (8), we have
S½fðxÞ ¼ 1þ au2  u3S½2aReff0 þ 4a2f 0: ð21Þ
Taking inverse sumudu transform on both sides of Eq. (21), we
get
fðxÞ ¼ 1þ 1
2
ax2  S1½u3S½2aReff0 þ 4a2f 0: ð22Þ
Now applying the HPM, we getX1
m¼0
pmfmðxÞ¼1þ1
2
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þ4a2
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;
ð23Þ
where Hm, is He’s polynomials that represent the nonlinear
terms. So He’s polynomials are given byX1
m¼0
pmHmðxÞ ¼ fðxÞf 0ðxÞ: ð24Þ
The ﬁrst few components of He’s polynomials, are given by
H0ðxÞ ¼ f0ðxÞf 00ðxÞ;
H1ðxÞ ¼ f0ðxÞf 01ðxÞ þ f1ðxÞf 00ðxÞ; ð25Þ
H2ðxÞ ¼ f0ðxÞf 02ðxÞ þ f1ðxÞf 01ðxÞ þ f2ðxÞf 00ðxÞ;
..
.
Table 1 The comparison between the RKHSM (with H= 0) (Inc et al., 2013) and MHPM coupled with sumudu transform for f(x)
when Re = 80 and a= 5.
x RKHSM Inc et al. (2013) MHPM coupled with sumudu transform
0 1 1
0.1 0.99595999 0.9962165196
0.2 0.983275 0.9843230775
0.3 0.96017 0.9625668179
0.4 0.923519 0.9276517677
0.5 0.86845826 0.8743082951
0.6 0.78809 0.7949430464
0.7 0.67314 0.6795990006
0.8 0.5119873503 0.5164879998
0.9 0.2915582665 0.2933661078
1 2.851385 · 109 0.0000000005
Figure 2 Velocity diagram via MHPM coupled with sumudu
transform for different values of Re when a= 3.
Figure 3 Velocity diagram via MHPM coupled with sumudu
transform for different values of Re when a= 5.
Figure 4 Velocity diagram via MHPM coupled with sumudu
transform for different values of a when Re = 50.
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where a ¼ f 00ð0Þ to be determined from the boundary condi-
tions. The solutions of the Eq. (8), when pﬁ 1, will be as
follows:
fðxÞ ¼ f0ðxÞ þ f1ðxÞ þ f2ðxÞ þ    : ð29Þ6. Results and discussion
Eq. (8) is solved analytically using the MHPM coupled with
sumudu transform. Table 1 shows comparison between the
RKHSM (Inc et al., 2013) and MHPM coupled with sumudu
transform for f(x) when Re = 80 and a= 5. Figs. 2–4
illustrate the effects of Reynolds number and steep angle of
the channel on velocity proﬁle.
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In this paper, the MHPM coupled with sumudu transform is
applied successfully to ﬁnd the analytical solution of Jeffery–
Hamel ﬂow. The results of the present method are in excellent
agreement with the RKHSM (Inc et al., 2013) and the ob-
tained solutions are revealed graphically. In this paper, we
use Maple Package to calculate the He’s polynomials. Also
from ﬁgures, we can ﬁnd some results as follows:
(1) When a> 0 and steep of the channel is divergent, an
increase in the values of Reynolds number decreases
the velocity as shown in Fig. 2 when a= 3.
(2) When a< 0 and the steep of the channel is convergent,
the velocity increases with the increase in Reynolds num-
ber as depicted in Fig. 3 when a= 5.
(3) When Reynolds number is ﬁxed, there is an inverse rela-
tion between divergence angle of the channel and the
velocity of the ﬂuid as shown in Fig. 4.
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